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When subjected to severe thermal shocks a functionally graded ceramic (FGC) suffers
strength degradation due to the thermally-induced damages in the material. Multiple sur-
face cracking has been observed as one of the dominant defects/damages affecting the
thermal shock behavior of ceramics. This paper presents a thermo-fracture mechanics
model to investigate the thermal shock residual strength behavior of elastically homoge-
neous but thermally graded FGCs undergoing multiple surface cracking. We consider an
FGC plate with an array of parallel edge cracks at the thermally shocked surface. A Fourier
transform/superposition method is used to derive the singular integral equation of the
thermal shock crack problem. The critical thermal shock that causes crack propagation
and thermal shock damage are determined using linear elastic fracture mechanics. The
thermal shock residual strength of the FGC as a function of thermal shock severity and
crack density (crack spacing) is subsequently evaluated. Numerical calculations are carried
out for two FGC materials, i.e., Al2O3/Si3N4 and TiC/SiC FGCs, to illustrate the effects of crack
density (crack spacing) and material gradation on the thermal shock strength behavior
of FGCs. It is found that a higher crack density (lower crack spacing) together with
appropriately graded material properties signiﬁcantly enhances the residual strength of
the thermally shocked FGCs.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
It is known that cracking and other forms of damages are induced in functionally graded ceramics (FGCs) as a class of
ceramics or ceramic composites when subjected to severe thermal shocks. As a result, the strength of thermally shocked
FGCs can be signiﬁcantly degraded. Knowledge of the thermal shock fracture resistance behavior of FGCs is critical to their
high temperature applications.
In evaluating thermal shock resistance behavior of homogeneous ceramicmaterials, a residual strengthmethod developed
byHasselman (1969) has been often used. Micro-cracks inherently exist in ceramics.When a ceramic specimen is subjected to
sufﬁciently severe thermal shocks, some of the pre-existing micro-cracks will initiate and grow to form macro-cracks. Crack
propagation in thermally shocked ceramics may be arrested depending on the severity of thermal shock, thermal stress ﬁeld
characteristics and material properties. If one measures the strength of a thermally shocked ceramic specimen, the material
generally exhibits two kinds of behavior as shown in Fig. 1. In the ﬁrst case, the strength remains unchangedwhen the thermal
shockDT is less thana critical value,DTc, called the critical thermal shock. AtDT =DTc, the strengthrR suffers a precipitousdrop
and then decreases gradually with increasing severity of thermal shock. In the second case, the strength also remains constant
when DT <DTc. The strength, however, experiences no sudden degradation at DT = DTc and decreases gradually when. All rights reserved.
x: +1 207 581 2379.
Fig. 1. Thermal shock residual strength behavior of ceramics.
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mally shocked ceramics. It is clear that thermal shock residual strength characterizes the overall thermal shock fracture resis-
tance of ceramics and is a design friendly parameter. The residual strength method has been further developed to investigate
thermal shock behavior ofmonolithic ceramics in the context of thermo-fracturemechanics (see, for example, Bahr andWeiss,
1986; Swain, 1990; Lutz and Swain, 1992; Jin and Mai, 1995; Cotterell et al., 1995).
The residual strength method has also been employed to evaluate thermal shock resistance of ceramic-based composites
owning to its advantages. For example, Wang and Singh (1994) experimentally studied the residual strength behavior of
thermally shocked ﬁber reinforced ceramic matrix composites. Schon et al. (1994) investigated thermal shock behavior of
a metal particle reinforced ceramic matrix composite. In the area of thermal shock behavior of functionally graded ceramics,
Zhao et al. (2004) measured the residual strength of a thermally shocked symmetrically graded FGC. They found that the
thermal shock residual strength of the FGC exhibits similar behavior to that shown in Fig. 1, which indicates that
Hasselman’s methodology (Hasselman, 1969) for evaluating thermal shock behavior of homogeneous ceramics is also appli-
cable to FGCs. Jin and Luo (2006) subsequently developed a thermo-fracture mechanics model to evaluate the thermal shock
residual strength of an FGC with a single edge crack.
Ceramic materials when quenched usually exhibit multiple surface cracking behavior because tensile stresses develop at
the surfaces (Gupta, 1972; Geyer and Nemat-Nasser, 1982; Bahr and Weiss, 1986). These surface cracks are the dominant
defects affecting the thermal shock behavior of ceramics. In this paper, we extend our earlier work (Jin and Luo, 2006) to
examine the effects of multiple crack interaction on the thermal shock residual strength behavior of FGCs. An FGC plate with
an inﬁnite array of periodic edge cracks subjected to a thermal shock is considered. The remainder of the paper is organized
as follows. Section 2 reviews a closed-form, asymptotic solution of temperature ﬁeld for short times in the periodically
cracked FGC plate and the associated thermal stress in an uncracked plate. Section 3 describes an integral transform/super-
position method to obtain the thermal stress intensity factors at the crack tips. Section 4 gives the expressions of critical
thermal shock and residual strength based on the linear thermo-elastic fracture mechanics theory. Section 5 presents
numerical results of thermal shock residual strength for FGC specimens made of Al2O3/Si3N4 and TiC/SiC FGC systems. Final-
ly, Section 6 provides some concluding remarks.
2. Temperature and thermal stress ﬁelds
We consider a long FGC strip with an inﬁnite array of periodic edge cracks as shown in Fig. 2, where b is the thickness of
the plate, a is the crack length, and H = 2h is the crack spacing. The thermal properties of the FGC are arbitrarily graded in the
thickness direction (x-direction). The strip is initially at a constant temperature T0, and its surfaces x = 0 and x = b are sud-
denly cooled to temperatures Ta and Tb, respectively. Since the material gradation and cracking are in the x-direction, heat at
short times also ﬂows in the x-direction. The temperature distribution thus satisﬁes the following heat conduction equation,
and initial and boundary conditionso
ox
kðxÞ oT
ox
 
¼ qðxÞcðxÞ oT
ot
ð1Þ
T ¼ T0; t ¼ 0; 0 6 x 6 b;
T ¼ Ta; x ¼ 0; t > 0;
T ¼ Tb; x ¼ b; t > 0
ð2Þwhere T is the temperature, t time, k(x) the thermal conductivity, q(x) the mass density, and c(x) the speciﬁc heat. The above
heat conduction problem represents an idealized thermal shock loading case, i.e., the heat transfer coefﬁcients on the sur-
faces of the FGC plate are inﬁnitely large which corresponds to the severest thermal stress induced in the plate. In other
words, the thermal shock residual strength predicted by the current model would be lower than that using a ﬁnite heat
transfer coefﬁcient.
Fig. 2. An FGC plate with an array of periodic edge cracks subjected to a thermal shock.
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tion (s < < 1) of temperature ﬁeld using the Laplace transform and its asymptotic properties with the following
expression:Tðx; sÞ  T0
T0  Ta ¼ 
qð0Þcð0Þkð0Þ
qðxÞcðxÞkðxÞ
 1=4
erfc
1
2b
ﬃﬃﬃ
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Z x
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s
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 !
 T0  Tb
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qðbÞcðbÞkðbÞ
qðxÞcðxÞkðxÞ
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1
2b
ﬃﬃﬃ
s
p
Z b
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jð0Þ
jðxÞ
s
dx
 !
ð3Þwhere j(x) = k/(qc) is the thermal diffusivity, s = j(0)t/b2 denotes the nondimensional time, and erfc() is the complemen-
tary error function. The asymptotic solution in Eq. (3) holds for an FGC plate with continuous and piecewise differentiable
thermal properties. The signiﬁcance of the solution lies in the fact that thermal stress and thermal stress intensity factor
(TSIF) in the FGC plate induced by the thermal shock reach their peak values in a very short period of time. Thus, Eq. (3)
may be used to evaluate the peak values of thermal stress and TSIF which govern the thermal stress failure of the
material.
The temperature ﬁled, Eq. (3), induces thermal stresses in both longitudinal (perpendicular to the crack direction) and
transverse (perpendicular to the x–y plane) directions. The growth of the periodic edge cracks, however, is caused by the
longitudinal stress having the following form:rTyyðx; sÞ ¼ 
Eahðx; sÞ
1 m þ
E
ð1 m2ÞA0  ðA22  xA21Þ
Z b
0
Eahðx; sÞ
1 m dx ðA12  xA11Þ
Z b
0
Eahðx; sÞ
1 m xdx
" #
ð4Þwhere h(x,s) = T(x,s)  T0, E Young’s modulus, m Poisson’s ratio, a = a(x) the coefﬁcient of thermal expansion and Aij (i, j = 1, 2)
and A0 constants which can be found in Jin and Batra (1996a). Here we assume that the FGC plate undergoes plane strain
deformations in the x–y plane and the strip is free from constraints at the far ends.
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Micro-cracks inherently exist in an FGC. When the FGC is subjected to severe thermal shocks, some of the pre-existing
micro-cracks will initiate and grow to form macro-cracks, which results in strength degradation. Surface cracks are the dom-
inant defects affecting the thermal shock behavior of FGCs because tensile stresses develop at the surfaces of an FGC when
quenched. In this study, we examine the strength degradation due to propagation of an array of periodic edge cracks as mul-
tiple and approximately parallel surface cracking in thermally shocked ceramics has been observed in experiments (Gupta,
1972; Geyer and Nemat-Nasser, 1982; Bahr and Weiss, 1986).
This work focuses on the effect of multiple crack interactions and thermal property gradients on the thermal shock resid-
ual strength behavior of FGCs. We thus consider a special kind of FGCs with constant Young’s modulus and Poisson’s ratio.
While this assumption imposes limitations on the application of the present model, there exist some FGC systems for which
the Young’s modulus remains approximately constant. Examples include TiC/SiC, MoSi2/Al2O3, and Al2O3/Si3N4 FGC systems.
The Young’s modulus of each of these FGCs may not change signiﬁcantly because the constituents have similar Young’s
moduli.
Consider the long FGC plate with an inﬁnite array of periodic edge cracks shown in Fig. 2. The boundary and periodic con-
ditions of the crack problem are as follows:rxx ¼ rxy ¼ 0; x ¼ 0; 1 < y <1 ð5Þ
rxx ¼ rxy ¼ 0; x ¼ b; 1 < y <1 ð6Þ
rxy ¼ 0; 0 < x < b; y ¼ nh; n ¼ 0;1; . . . ;1
v ¼ 0; 0 < x < b; y ¼ ð2nþ 1Þh; n ¼ 0;1; . . . ;1
v ¼ 0; a < x < b; y ¼ 2nh; n ¼ 0;1; . . . ;1
ð7Þ
ryy ¼ rTyy; 0 < x < a; y ¼ 2nh; n ¼ 0;1; . . . ;1 ð8Þ
where rTyyis given in Eq. (4) and v = v(x, y) is the displacement in the y-direction. Using a Fourier transform/Fourier series
method developed by Shulze and Erdogan (1998), Rizk (2005) solved a periodic edge crack problem of an elastic plate under
convective heat transfer conditions. Here we use a Fourier transform/superposition approach to analyze the thermal crack
problem. The technique is an extension of that developed by Nied (1987) for a periodically cracked half-plane by including
a Fourier series term to satisfy the traction free conditions at x = b.
With the Fourier transform/superposition approach, the stresses can be written asrxx ¼ rð1Þxx þ rð2Þxx
ryy ¼ rð1Þyy þ rð2Þyy
rxy ¼ rð1Þxy þ rð2Þxy
ð9Þwhere the superscript 1 stands for the solution of a half plane with an inﬁnite array of periodic edge cracks and the super-
script 2 stands for the modiﬁcation due to the uncracked, free edge (x = b).
The solution for the half plane with an array of periodic edge cracks can be obtained by superimposing the solutions for a
half-plane with a single edge crack located at y = nH, n = 0, ±1, ±2, . . ., respectively, with the resultsrð1Þxx ðx; yÞ ¼
E
2pð1 m2Þ
Z a
0
Kxxðx; y; x0Þf ðx0Þdx0
rð1Þyy ðx; yÞ ¼
E
2pð1 m2Þ
Z a
0
Kyyðx; y; x0Þf ðx0Þdx0
rð1Þxy ðx; yÞ ¼
E
2pð1 m2Þ
Z a
0
Kxyðx; y; x0Þf ðx0Þdx0
ð10Þwhere f(x) is deﬁned asf ðxÞ ¼ o
ox
½vðx;0þÞ  vðx;0Þ ð11Þand the kernels Kxx(x, y, x0), Kyy(x, y, x0) and Kxy(x, y, x0) are given in Appendix A. The modiﬁcation due to the free edge x = b can
be written in Fourier series as follows:rð2Þxx ðx; yÞ ¼ 
X1
n¼1
a2n½ðAn þ BnxÞeanx þ ðCn þ DnxÞeanx cosðanyÞ
rð2Þyy ðx; yÞ ¼
X1
n¼1
½ð2Bnan þ a2nðAn þ BnxÞÞeanx þ ð2Dnan þ a2nðCn þ DnxÞÞeanx cosðanyÞ
rð2Þxy ðx; yÞ ¼
X1
n¼1
an½ðBn  anðAn þ BnxÞÞeanx þ ðDn þ anðCn þ DnxÞÞeanx sinðanyÞ
ð12Þ
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Relatively detailed derivations of the above stress expressions and the following integral equation are given in Appendix A.
The stress expressions obtained above satisfy all the boundary and periodic conditions except the traction boundary con-
dition along the crack surfaces (8). Application of this condition leads to the following singular integral equation for the den-
sity function f(x)Z 1
1
1
s r þ Kðr; sÞ
 
f ðsÞds ¼ 2pð1 m
2Þ
E
rTyyðr; sÞ; jrj 6 1 ð13Þwhere the nondimensional coordinates r and s arer ¼ 2x=a 1; s ¼ 2x0=a 1 ð14Þ
and the kernel K(r, s) is given in Appendix A.
According to the singular integral equation theory (Erdogan et al., 1973), the solution of Eq. (13) has the following form:f ðrÞ ¼ FðrÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r
p ð15Þwhere F(r) is a continuous and bounded function. Appendix B describes a numerical procedure to obtain the solution of Eq.
(13) which is similar to the approach presented by Kaya and Erdogan (1973). Once the solution of Eq. (13) is obtained, the
thermal stress intensity factor (TSIF) at the periodic crack tips can be computed fromK ¼ ð1 mÞKI
Ea0DT
ﬃﬃﬃﬃﬃﬃ
pb
p
¼ ð1 mÞ
Ea0DT
ﬃﬃﬃﬃﬃﬃ
pb
p lim
x!aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2p x að Þ
p
ryyðx; 0Þ
h i
¼ 1
2
ﬃﬃﬃ
a
b
r
Fð1Þ
ð16Þwhere KI denotes the TSIF, K* the nondimensional TSIF, DT = T0  Ta, and a0 = a(0). In Eq. (16), F(1) is a function of time s, the
nondimensional crack length a/b, and the crack spacing parameter H/b, i.e., F(1) = F(1, a/b, H/b, s).
4. Thermal shock residual strength
Crack extension occurs when the peak TSIF reaches the fracture toughness of the material. The thermal shock DTc that
causes crack initiation is called the critical thermal shock which can be determined by equating the peak TSIF to the material
fracture toughness, i.e.Maxfs>0gfK Iðs; a0;DTcÞg ¼ K Icða0Þ ð17Þ
where a0 denotes the length of the initial pre-existing cracks, and KIc(a0) the fracture toughness of the FGC at x = a0. For FGCs,
the following rule of mixtures formula presented by Jin and Batra (1996b):K IcðxÞ ¼ fV1ðxÞðK1IcÞ2 þ V2ðxÞðK2IcÞ2g1=2 ð18Þ
may be used to approximately determine the fracture toughness for a thermally nonhomogeneous but elastically homoge-
neous two-phase FGC with the properties graded in x-direction. In Eq. (18), Vi(x) (i = 1, 2) denote the volume fractions of
phase 1 and 2, respectively, and K1Ic and K
2
Ic the fracture toughness of the two phases, respectively. Here the crack surface
bridging by unbroken grains is not considered. Substitution of Eq. (16) into Eq. (17) yields the critical thermal shockDTc ¼ ð1 mÞK Icða0Þ
Ea0
ﬃﬃﬃﬃﬃﬃ
pb
p

Maxfs>0g 12
ﬃﬃﬃﬃﬃ
a0
b
r
F 1;
a0
b
;
H
b
; s
 ( )
ð19ÞFor the periodically cracked FGC plate subjected to a thermal shock DT that exceeds DTc, the cracks will grow but the crack
extension may be arrested because crack interactions and the compressive stress in the interior part of the plate reduce the
TSIF for longer cracks. The crack extension is arrested when the peak TSIF drops below the fracture toughness. The arrested
crack length af can be determined using the relationMaxfs>0gfK Iðs; af ;DTÞg ¼ K Icðaf Þ ð20Þ
Substituting Eq. (16) into Eq. (20) yields the equation for evaluating afEa0DT
ﬃﬃﬃﬃﬃﬃ
pb
p
ð1 mÞ Maxfs>0g 
1
2
ﬃﬃﬃﬃ
af
b
r
F 1;
af
b
;
H
b
; s
 ( )
¼ K IcðafÞ ð21Þwhich is schematically illustrated in Fig. 3 where the peak TSIF for a given crack length is deﬁned byPeak TSIF ¼Maxfs>0gfK Iðs; a;DTÞg ð22Þ
Fig. 3. Determination of arrested crack length af.
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cracks have grown from a length of a0 to af. The residual strength of the thermally shocked FGC can be determined by sub-
jecting the damaged specimens (with a crack length af) to applied mechanical loads. The applied stress ra corresponding to
the initiation of the periodic cracks of length af in the FGC plate satisﬁes the following equation:K Iðaf ;raÞ ¼ K IcðafÞ ð23Þ
where KI(af,ra) is the stress intensity factor for the periodically cracked FGC plate under uniform tension ra or pure bending
load at the far ends (1  2x/b)ra. KI(af, ra) can be obtained using the integral equation method described in Section 3. The
integral equation for the mechanical periodic crack problem isZ 1
1
1
s r þ Kðr; sÞ
 
f ðsÞds ¼ 2pð1 m
2Þ
E
gðrÞra; jrj 6 1 ð24Þwhere the kernel K(r, s) is the same as that in Eq. (13) and g(r) is a known function depending on loading patterns. For exam-
ple, g(r) = 1 for uniform tension load. The stress intensity factor at the tips of the periodic cracks is given byK Iðaf ;raÞ ¼ ra
ﬃﬃﬃﬃﬃﬃﬃﬃ
paf
p 1
2
F 1;
af
b
;
H
b
  	
ð25Þwhere F(r) is related to f(r) by Eq. (15). Substituting Eq. (25) into Eq. (23) yields the applied stress ra corresponding to crack
initiationraðaf Þ ¼ K IcðafÞ= ﬃﬃﬃﬃﬃﬃﬃﬃpafp 12 F 1; afb ;Hb
   	
ð26ÞFor a perfect brittle plate with the periodic edge cracks under the thermal shock DT, the above stress in Eq. (26) gives the
thermal shock residual strength. For materials exhibiting rising fracture toughness behavior, the residual strength rR is de-
ﬁned as the maximum applied stress during the subsequent crack growth, i.e.rR ¼Maxa>af fraðaÞg ð27Þ5. Numerical results and discussion
This section presents the numerical results for two FGC systems, i.e., the alumina/silicon nitride (Al2O3/Si3N4) and tita-
nium carbide/silicon carbide (TiC/SiC) FGCs. Al2O3 coated Si3N4 cutting tools for machining steels have been developed
(Komanduri, 1994) to take advantages of the high temperature deformation resistance of Si3N4 and to minimize chemical
reactions of Si3N4 with steels by the Al2O3 coating layer. TiC has been used as a cutting tool material for its excellent wear
resistance and SiC has also been considered as reinforcements for cutting tools. The Al2O3/Si3N4 and TiC/SiC FGCs are thus
promising candidate materials for cutting tools applications.
The material properties of the FGCs are evaluated using a conventional micromechanics/continuum approach which ap-
plies to FGCs with moderate material property gradations (Reiter and Dvorak, 1998; Aboudi et al., 1999). Al2O3 (95% dense)
and Si3N4 (hot pressed or sintered) have approximately the same Young’s modulus of 320 GPa (Munz and Fett, 1999). More-
over, their Poisson’s ratios are in the range of 0.2–0.28 and the differences have insigniﬁcant effects on the fracture behavior
of graded materials (Delale and Erdogan, 1983). We use E = 320 GPa and m = 0.25 in our calculations. For TiC and SiC, the
Young’s modulus and Poisson’s ratio are approximately 450 GPa and 0.2, respectively (Munz and Fett, 1999).
The thermal conductivity, coefﬁcient of thermal expansion (CTE), speciﬁc heat and mass density of the FGCs are calcu-
lated from the conventional micromechanics models (Christensen, 1979). The thermal conductivity, k(x), is given by
Table 1
Materia
Al2O3
Si3N4
TiC
SiC
Table 2
Nondim
a/H
0.01
0.1
1.0
5.0
10.0
Fig
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 	
ð28Þwhere subscript 0 represents the properties of the ceramic phase that is exposed to the thermal shock, subscript i stands for
properties of the other phase, and V(x) denotes the volume fraction of phase i. For the Al2O3/Si3N4 FGC, the thermally shocked
surface is pure Al2O3. The thermally shocked surface consists of pure TiC for the TiC/SiC system. The Voigt rule of mixtures
gives the mass density, q(x), and the coefﬁcient of thermal expansion, a(x), because the two constituents have the same elas-
tic bulk modulus. The speciﬁc heat, c(x), of the FGCs is assumed to follow the Voigt rule of mixtures.
Table 1 lists the properties of the constituent materials, i.e., Al2O3, Si3N4, TiC and SiC. This study assumes that the volume
fraction of phase i follows a simple power function:VðxÞ ¼ ðx=bÞp ð29Þ
where p is the power exponent. In the numerical calculations, we only consider the loading case of Tb = T0, which means that
only the cracked surface x = 0 of the FGC plate is subjected to a temperature drop.
To verify the validity of the integral equation formulation in Section 3 and the computer code, nondimensional stress
intensity factors are ﬁrst calculated for an inﬁnite array of periodic edge cracks in a homogeneous half plane under uniform
tension studied by Benthem and Koiter (1973) using an asymptotic/interpolation method (corresponding to b/a?1 in the
present formulation). The present results using b/a = 1000 along with those in Benthem and Koiter (1973) are listed in Table
2. It can be seen from the table that the present calculations agree with those in Benthem and Koiter (1973).
Fig. 4 shows the residual tensile strength of the Al2O3/Si3N4 FGC versus thermal shockDT for various values of crack spac-
ing. The material gradation parameter p = 0.2, the specimen size is assumed as b = 5 mm, and the pre-existing surface cracksl properties of Al2O3, Si3N4, TiC and SiC
Young’s modulus
(GPa)
Poisson’s
ratio
CTE
(106 K1)
Thermal conductivity
(W/m K)
Mass density
(g/cm3)
Speciﬁc heat
(J/g K)
Fracture toughness
(MPa m1/2)
320 0.25 8.0 20 3.8 0.9 4
320 0.25 3.0 35 3.2 0.7 5
450 0.2 7.0 20 4.9 0.7 5
450 0.2 4.0 60 3.2 1.0 5
ensional stress intensity factors for an inﬁnite array of periodic edge cracks in a half plane under uniform tension
This work Benthem and Koiter (1973) Absolute relative error (%)
1.1225 1.1207 0.16
1.0403 1.0433 0.29
0.3989 0.4008 0.47
0.1787 0.1784 0.17
0.1264 0.1262 0.16
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. 4. Thermal shock residual strength of Al2O3/Si3N4 vs. thermal shock for various values of crack spacing H/b (p = 0.2, b = 5 mm, ao/b = 0.01).
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behavior of FGCs observed in experiment (Zhao et al., 2004), i.e., for a speciﬁc value of crack spacing, the residual strength
remains constant when the thermal shock has not reached the critical thermal shock DTc. At DT = DTc, the strength suffers a
precipitous drop and then decreases gradually with increasing severity of thermal shock. Hence, the thermal shock residual
strength of the FGC exhibits the behavior described in Fig. 1a but not that in Fig. 1b. Second, the residual strength increases
signiﬁcantly with increasing crack density (decreasing crack spacing). For example, at DT = 200 C, the residual strength is
about 60 MPa for a specimen with a single edge crack. The strength is enhanced to about 135 MPa for a periodically cracked
specimen with H/b = 0.5. Finally, the residual strength gradually decreases with increasing thermal shock severity for a spec-
imen having a single crack or multiple cracks with relatively larger spacing. For a periodically cracked specimen with
H/b = 0.5, however, the strength becomes insensitive to the severity of thermal shocks when DT is much larger than the crit-
ical thermal shockDTc. This is because for a ﬁxed ratio of crack spacing to specimen thickness (H/b) the stress intensity factor
does not undergo pronounced changes for longer cracks (larger ratio of a/H) caused by severer thermal shocks. In fact, in the
limiting case of long parallel cracks (a/H 1) in a semi-inﬁnite plate, the stress intensity factor becomes independent of
crack length and depends on the crack spacing only (Benthem and Koiter, 1973). We note that in thermal shock experiments
of monolithic ceramics, cracking behavior deviates from the periodic pattern when DT is signiﬁcantly larger than DTc, which
causes gradual decrease in residual strength.
Figs. 5–7 show similar residual tensile strength behavior for thermally shocked Al2O3/Si3N4FGC specimens with the same
size and same initial crack length but different material property gradations. The gradation parameter p is 0.5, 1 and 2 in Figs.
5–7, respectively. Comparing the results in Figs. 4–7, one can see that for a given crack spacing, both the critical thermal
shock and residual strength increases with decreasing p. For example, the critical thermal shock DTc is about 110 C for0 50 100 150 200 250 300 350 400 450 500
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Fig. 5. Thermal shock residual strength of Al2O3/Si3N4 vs. thermal shock for various values of crack spacing H/b (p = 0.5, b = 5 mm, ao/b = 0.01).
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Fig. 6. Thermal shock residual strength of Al2O3/Si3N4 vs. thermal shock for various values of crack spacing H/b (p = 1, b = 5 mm, ao/b = 0.01).
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Fig. 7. Thermal shock residual strength of Al2O3/Si3N4 vs. thermal shock for various values of crack spacing H/b (p = 2, b = 5 mm, ao/b=0.01).
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that quantiﬁes the thermal shock resistance of the FGC can be signiﬁcantly enhanced by multiple surface cracking together
with appropriately graded material properties.
Figs. 8–11 show the residual tensile strength of the TiC/SiC FGC versus thermal shock DT for various values of crack
spacing H/b. The specimen size is still assumed as b = 5 mm and the pre-existing surface cracks have a length of
a0 = 0.01b. The exponent p takes values of 0.2, 0.5, 1 and 2, respectively. The thermally shocked surface consists of pure
TiC. It appears that the thermal shock residual strength behavior of the TiC/SiC FGC is similar to that of the Al2O3/Si3N4
FGC. For a given material gradation proﬁle (described by p), the residual strength increases signiﬁcantly with increasing
crack density (decreasing H/b). Comparing the results in these ﬁgures, one can observe that the material gradation pro-
ﬁle does not inﬂuence the strength for DT < DTc. This is because the fracture toughness of the TiC equals that of the SiC
as assumed.
Finally, it appears from Figs. 4–11 that for a given material gradation proﬁle, crack spacing has negligible effect on
the strength for DT < DTc. The reason is that the ratio of initial crack length to crack spacing is so small (the maximum
a0/H is assumed as 0.02) that the stress intensity factors at the tips of parallel cracks almost equal that for the single
crack.
6. Concluding remarks
Multiple surface cracking has been observed as one of the dominant defects/damages affecting the thermal shock
behavior of ceramics. The present work develops a thermo-fracture mechanics model to investigate the effect of multiple0 50 100 150 200 250 300 350 400 450 500
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Fig. 8. Thermal shock residual strength of TiC/SiC vs. thermal shock for various values of crack spacing H/b (p = 0.2, b = 5 mm, ao/b = 0.01).
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Fig. 9. Thermal shock residual strength of TiC/SiC vs. thermal shock for various values of crack spacing H/b (p = 0.5, b = 5 mm, ao/b = 0.01).
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Fig. 10. Thermal shock residual strength of TiC/SiC vs. thermal shock for various values of crack spacing H/b (p = 1, b = 5 mm, ao/b = 0.01).
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Fig. 11. Thermal shock residual strength of TiC/SiC vs. thermal shock for various values of crack spacing H/b (p = 2, b = 5 mm, ao/b = 0.01).
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Z.-H. Jin, Y.Z. Feng / International Journal of Solids and Structures 45 (2008) 5973–5986 5983cracking on the thermal shock resistance behavior of FGCs quantiﬁed by the residual strength of a thermally shocked
FGC plate with an array of periodic edge cracks. The paper describes an integral transform/superposition method to ob-
tain the thermal stress intensity factors at the tips of the periodic edge cracks and subsequently presents formulations to
compute the critical thermal shock that causes crack initiation and the residual strength of the thermally shocked FGCs.
Numerical results of Al2O3/Si3N4 and TiC/SiC FGCs indicate that the thermal shock residual strength of FGCs can be sig-
niﬁcantly enhanced with increasing crack density (or decreasing crack spacing) together with appropriately graded mate-
rial properties.
The present model focuses on the effects of crack density and thermal property gradients on the thermal shock resid-
ual strength behavior of FGCs. The model applies to FGCs with arbitrarily graded thermal properties but constant
Young’s modulus and Poisson’s ratio. This kind of FGCs may include TiC/SiC, MoSi2/Al2O3, and Al2O3/Si3N4 FGC systems.
The Young’s modulus of each of these FGCs may not change signiﬁcantly because the constituents have similar Young’s
moduli.
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Appendix A. Derivation of integral Eq. (13)
The analysis of the thermal periodic crack problem of the FGC plate begins with the stress expressions for a half plane
with a single edge crack. Because the FGC plate has only thermal property gradients as assumed, the elastic analysis part
is the same as that for a homogeneous plate. The single edge crack problem of a half plane has been considered in a number
of studies, for example, Nied (1987). Using the standard Fourier transform method, the stresses in a half plane with a single
edge crack located at y = 0 can be expressed as follows:rðsÞxx ðx; yÞ ¼
E
2pð1 m2Þ
Z a
0
Ksxxðx; y; x0Þf ðsÞðx0Þdx0
rðsÞyy ðx; yÞ ¼
E
2pð1 m2Þ
Z a
0
Ksyyðx; y; x0Þf ðsÞðx0Þdx0
rðsÞxy ðx; yÞ ¼
E
2pð1 m2Þ
Z a
0
Ksxyðx; y; x0Þf ðsÞðx0Þdx0
ðA1Þwhere f (s)(x) is deﬁned asf ðsÞðxÞ ¼ o
ox
½vðsÞðx; 0þÞ  vðsÞðx;0Þ ðA2Þand the kernels Ksxx, K
s
yy and K
s
xy areKsxxðx;y;x0Þ ¼
x0 x
ðx0 xÞ2þy2
 2ðx
0 xÞy2
½ðx0 xÞ2þy22
ðx
0 xÞ½ðx0 þxÞ2y2
½ðx0 þxÞ2þy22
4xx
0½ðx0 þxÞ33ðx0 þxÞy2
½ðx0 þxÞ2þy23
ðA3aÞ
Ksyyðx;y;x0Þ ¼
x0 x
ðx0 xÞ2þy2
þ 2ðx
0 xÞy2
½ðx0 xÞ2þy22
þ 2ðx
0 þxÞ
ðx0 þxÞ2þy2
ð3x
0 þxÞ½ðx0 þxÞ2y2
½ðx0 þxÞ2þy22
þ4xx
0½ðx0 þxÞ33ðx0 þxÞy2
½ðx0 þxÞ2þy23
ðA3bÞ
Ksxyðx;y;x0Þ ¼
ðx0 xÞ2yy3
½ðx0 xÞ2þy22
 y
ðx0 þxÞ2þy2
þ 2ðx
0 þxÞ2y
½ðx0 þxÞ2þy22
4xx
0½3ðx0 þxÞ2yy3
½ðx0 þxÞ2þy23
ðA3cÞThe above expressions are similar to those obtained in Nied (1987) where the displacement discontinuity instead of the dis-
continuity density deﬁned in Eq. (A2) was used. For the half plane with an inﬁnite array of periodic edge cracks, the displace-
ment discontinuities along the surfaces of all cracks are the same due to the periodicity. Hence, the stresses for the periodic
crack problem can be obtained by superimposing the stresses for single edge cracks located at y = Hn, n = 0, ±1, ±2, . . ., respec-
tively, as described by Nied (1987). The stresses for the half plane with an array of periodic cracks are thus given byrð1Þxx ðx; yÞ ¼
X1
k¼1
rðsÞxx ðx; yþ HkÞ ¼
E
2pð1 m2Þ
Z a
0
Kxxðx; y; x0Þf ðx0Þdx0
rð1Þyy ðx; yÞ ¼
X1
k¼1
rðsÞyy ðx; yþ HkÞ ¼
E
2pð1 m2Þ
Z a
0
Kyyðx; y; x0Þf ðx0Þdx0
rð1Þxy ðx; yÞ ¼
X1
k¼1
rðsÞxy ðx; yþ HkÞ ¼
E
2pð1 m2Þ
Z a
0
Kxyðx; y; x0Þf ðx0Þdx0
ðA4Þwhere Kxx, Kyy and Kxy are given by
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X1
k¼1
x0  x
ðx0  xÞ2 þ ðyþ HkÞ2
 2ðx
0  xÞðyþ HkÞ2
½ðx0  xÞ2 þ ðyþ HkÞ22
(
 ðx
0  xÞ½ðx0 þ xÞ2  ðyþ HkÞ2
½ðx0 þ xÞ2 þ ðyþ HkÞ22
4xx
0½ðx0 þ xÞ3  3ðx0 þ xÞðyþ HkÞ2
½ðx0 þ xÞ2 þ ðyþ HkÞ23
)
ðA5aÞ
Kyyðx; y; x0Þ ¼
X1
k¼1
x0  x
ðx0  xÞ2 þ ðyþ HkÞ2
þ 2ðx
0  xÞðyþ HkÞ2
½ðx0  xÞ2 þ ðyþ HkÞ22
(
þ 2ðx
0 þ xÞ
ðx0 þ xÞ2 þ ðyþ HkÞ2
 ð3x
0 þ xÞ½ðx0 þ xÞ2  ðyþ HkÞ2
½ðx0 þ xÞ2 þ ðyþ HkÞ22
þ 4xx
0½ðx0 þ xÞ3  3ðx0 þ xÞðyþ HkÞ2
½ðx0 þ xÞ2 þ ðyþ HkÞ23
)
ðA5bÞ
Kxyðx; y; x0Þ ¼
X1
k¼1
 ðx
0  xÞ2ðyþ HkÞ  ðyþ HkÞ3
½ðx0  xÞ2 þ ðyþ HkÞ22
 ðyþ HkÞ
ðx0 þ xÞ2 þ ðyþ HkÞ2
(
þ 2ðx
0 þ xÞ2ðyþ HkÞ
½ðx0 þ xÞ2 þ ðyþ HkÞ22
4xx
0½3ðx0 þ xÞ2ðyþ HkÞ  ðyþ HkÞ3
½ðx0 þ xÞ2 þ ðyþ HkÞ23
)
ðA5cÞTo get the stresses for the plate with an array of periodic edge cracks as shown in Fig. 2, the stresses for the half plane
problem in Eqs. (A4) and (A5) are superimposed by the following stresses in Fourier series so that the traction free boundary
conditions at x = 0 and b are satisﬁed (tractions given in Eqs. (A4) and (A5) already vanish at x = 0)rð2Þxx ðx; yÞ ¼ 
X1
n¼1
a2n½ðAn þ BnxÞeanx þ ðCn þ DnxÞeanx cosðanyÞ
rð2Þyy ðx; yÞ ¼
X1
n¼1
½ð2Bnan þ a2nðAn þ BnxÞÞeanx þ ð2Dnan þ a2nðCn þ DnxÞÞeanx cosðanyÞ
rð2Þxy ðx; yÞ ¼
X1
n¼1
an½ðBn  anðAn þ BnxÞÞeanx þ ðDn þ anðCn þ DnxÞÞeanx sinðanyÞ
ðA6Þwhere an = np/h. The above stresses and associated displacements clearly satisfy the periodic and symmetry conditions in Eq.
(7). Substituting Eqs. (A4) and (A6) into the boundary conditions in Eqs. (5) and (6), and using the properties of Fourier series,
we obtain the equations for determining the constants An, Bn, Cn, and Dn in Eq. (A6) as follows:An þ Cn ¼ 0
Bn  anAn þ Dn þ anCn ¼ 0
a2n½ðAn þ BnbÞeanb þ ðCn þ DnbÞeanb ¼
2
h
Z h
0
rð1Þxx ðb; yÞ cosðanyÞdy
an½ðBn  anðAn þ BnbÞÞeanb þ ðDn þ anðCn þ DnbÞÞeanb ¼ 2h
Z h
0
rð1Þxx ðb; yÞ sinðanyÞdy
ðA7ÞThe constants An, Bn, Cn, and Dn can be expressed in terms of the density function f(x) by using Eq. (A4). Finally we can get the
stress expressions for the periodically cracked plate in terms of f(x). Particularly, ryy at y = 0 (and also at y = Hn, n = ±1, ±2, . . .)
is obtained as follows:ryyðx;0Þ ¼ rð1Þyy ðx; 0Þ þ rð2Þyy ðx; 0Þ
¼ E
2pð1 m2Þ
Z a
0
1
x0  xþ K1ðx; x
0Þ þ K2ðx; x0Þ þ K3ðx; x0Þ
 
f ðx0Þdx0
ðA8Þwhere K1(x,x0), K2(x,x0), and K3 (x,x0)areK1ðx; x0Þ ¼ 2xþ x0 
xþ 3x0
ðxþ x0Þ2
þ 4xx
0
ðxþ x0Þ3
ðA9Þ
K2ðx; x0Þ ¼ 2
X1
n¼1
x0  x
H2n2 þ ðx0  xÞ2
þ 2ðx
0 þ xÞ
H2n2 þ ðx0 þ xÞ2
þ 2H
2n2ðx0  xÞ
½H2n2 þ ðx0  xÞ22
(
 ðxþ 3x
0Þ½ðx0 þ xÞ2  H2n2
½H2n2 þ ðx0 þ xÞ22
þ 4xx
0½ðx0 þ xÞ3  3ðx0 þ xÞH2n2
½H2n2 þ ðx0 þ xÞ23
)
ðA10Þ
K3ðx; x0Þ ¼
X1
n¼1
F1nðx0Þ
2Dn
½1þ ð3þ anxÞð1þ 2anbÞf eanðbþxÞ þ ½2 2anxþ 2anbeanð3bþxÞ
þ ½2þ 2anx 2anbeanðbxÞ þ ½1þ ð3þ anxÞð1þ 2anbÞeanð3bxÞ


þ
X1
n¼1
F2nðx0Þ
2Dn
½ð3þ 2anxÞð1 2anbÞ  1f eanðbþxÞ þ ½4 2anxþ 2anbeanð3bþxÞ
þ ½4 2anxþ 2anbeanðbxÞ þ ½1þ ð3þ anxÞð1þ 2anbÞeanð3bxÞ

 ðA11Þ
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andF1nðx0Þ ¼ 2pH anðb x
0Þeanðbx0Þ þ 2p
H
½anðb x0Þ  2a2nbx0eanðbþx
0Þ
F2nðx0Þ ¼ 2pH ½1þ anðb x
0Þeanðbx0 Þ þ 2p
H
½1 anðbþ x0Þ þ 4a2nbx0eanðbþx
0Þ
ðA13ÞSubstituting Eq. (A8) into the boundary condition in Eq. (8) and using the nondimensional coordinates in Eq. (14), we obtain
the integral equation of the crack problem, Eq. (13), with K(r, s) given byKðr; sÞ ¼ a
2
½K1ðx; x0Þ þ K2ðx; x0Þ þ K3ðx; x0Þ ðA14ÞAppendix B. Numerical solution of integral Eq. (13)
Following Kaya and Erdogan (1973), the bounded and continuous function F(r) in Eq. (15) is expanded in a power series.
The basic unknown f(r) of the integral equation thus has the formf ðrÞ ¼ FðrÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r
p ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r
p
X1
n¼0
anrn ðB1Þwhere an (n = 0, 1, 2, . . .) are unknown coefﬁcients to be determined. Substituting the above into Eq. (13) and truncating the
series at the Nth term yieldXN
n¼0
CnðrÞ þ HnðrÞf gan ¼ 2pð1 m
2Þ
E
rTyyðr; sÞ; jrj 6 1 ðB2ÞwhereCnðrÞ ¼
Z 1
1
sn
ðs rÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s
p ds ðB3Þ
HnðrÞ ¼
Z 1
1
Kðr; sÞ s
nﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s
p ds ðB4ÞIt is known from Eqs. (A9) and (A14) that K1(x, x0) in K(r, s) becomes singular when x, x0 ? 0 (or r, s? 1). However, the sin-
gularity is cancelled out with the 1/(s  r) singular term in the integral equation as pointed out by Erdogan and Wu (1997).
Moreover, Cn(r) has been given in Kaya and Erdogan (1973) as follows:C0ðrÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r
p ln jBðrÞj
CnðrÞ ¼ r
nﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r
p ln jBðrÞj þ
Xn1
k¼0
Bkrn1k; nP 1
ðB5ÞwhereBðrÞ ¼ ð1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 rÞ=2
p
Þ=ð1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 rÞ=2
p
Þ
Bk ¼ 2
ﬃﬃﬃ
2
p Xk
i¼0
ð1Þi 2
i
2iþ 1
k!
ðk iÞ!i!
ðB6ÞThe functional Eq. (B2) is solved using a collocation point technique (Kaya and Erdogan, 1987) and the collocation points are
chosen as the zeros of Chebyshev polynomials as follows:ri ¼ cosð 2iþ 12ðN þ 1ÞpÞ; i ¼ 0;1; . . . ;N ðB7ÞWith the collocation point technique, Eq. (B2) reduces to the following system of linear equations for unknown coefﬁcients
an as follows:XN
n¼0
fCnðriÞ þ HnðriÞgan ¼ 2pð1 m
2Þ
E
rTyyðri; sÞ; i ¼ 0;1; . . . ;N ðB8ÞIt is found that satisfactory results can be obtained with N = 14 as shown in Table 2.
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